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PREVIEW: SETUP

Consider a dynamic latent factor model with linear loadings

_ T _
lige1 = Zj el fren + €1, El€ja1Zi¢] =0,
——
Bii
where we observe, for assets j and time periods t,
asset excess returns r; 1.1 € Rand

asset characteristics z;; € RP.



PREVIEW: MAIN THEORY CONTRIBUTIONS

In this setup, under the novel asymptotics of p, T,N — oo, contribute

a new estimation procedure for
latent loadings T € RP*k and
latent factors fyiq € Rk, forall t;

and, prove the consistency of these estimators.

Also, | extend to this setting a classic asset pricing test and provide an

asymptotically valid inference procedure.



MOTIVATION

Static observable factor model:

_aT
Fige1 = By Frar+ €1

(NT + Tk) data = (Nk) params.
Static latent factor model:

_aT
Fige1 = By Frer € a1

NT > Nk + Tk

Dynamic latent factor model:

_ T
Mg+l = 2T Fren + € pa1

NT(L+ p) > pk+ Tk

Vtef{l,...,TINie{l,...,N}:

Observed:
rite1 €R asset excess returns
Zjt € RP  asset characteristics
Unobserved:
€itr1 ER idiosyncratic error
fea1 € RK low-dim. factors
Mg € RP*K loading mapping
H e Rkxk rotation matrix



SETUP

Assume for time periodst=1,...,Tand assetsi=1,...,N, we observe
asset excess returns r; ¢4; € R and asset characteristics z;; € RP.
Assume the model:
i =7 Ta fraq + € Ele; 1=0
fie1 = 240 fre1 € a1, Elejenlzie] =0,
——
Bi
where
fre1 € Rk are low-dimensional latent factors and
s € RP*k are unknown factor loading parameters.

Key assump.: g is exactly row sparse, i.e. most rows exactly zero.



EXTENDED SETUP (1/2)

Within this framework, we address an asset pricing research question.

What is the risk premium of an observable nontradable factor gt+; € R?

Asset pricing context:
Risk premium: return for exposure to the factor, ceteris paribus.
If tradable, the risk premium is the time-series average of the factor.
If nontradable, form factor mimicking-portfolio.

Following Giglio, Xiu, and Zhang (2021),
assume latent factor model recovers true factor model and

project observable nontradable factor onto latent factors.



EXTENDED SETUP (2/2)

What is the risk premium of an observable nontradable factor g¢+; € R?

Assume for true factors fy4q :
fre1 =y + Vesn, Elvi+11=0
ges1 =8+ Vs +ef,), Elveef, ]=0.
where
n € R¥is an unknown parameter mapping and

g . .
€{,1 is measurement error in g¢.1.

Our target parameter isyg = nTy.



THEORETICAL CONTRIBUTIONS

The model:

_ T _ _
lige1 = 2 g (v +ves) + €001, El€j1412i¢] = 0, E[vira€jpaa] = 0,

g1 = 5+ M Vet + €0y, Elverief,y] = 0.

Two contributions, under novel asymptotics of p, T,N — oc:
consistently estimate latent loadings I's and factors f¢.; and
conduct inference onyg =n "y

under novel use of a dynamic latent factor model.
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THEORY LITERATURE REVIEW

The scope of the relevant literature is enormous. To name a few:

Dynamic latent factor models: Connor and Linton (2007), Fan, Liao,
and Wang (2016), Kelly, Pruitt, and Su (2019) @9, Kelly, Pruitt, and Su
(2020), etc.

Tests of observable factors: Fama and MacBeth (1973) GEEEEED, Feng,
Giglio, and Xiu (2020) GEZE, Giglio and Xiu (2021), etc.

DML: Belloni, Chernozhukov, and Hansen (2014), Chernozhukov et al.
(2018), Semenova and Chernozhukov (2021), etc.



ESTIMATION (1/4)

Rewrite the model:
_ T
M+l = 2T p Fre1 + € pen,
_ T _
= ZjtjCt+1,j * Zj ¢ —jCt+1, + €itels Elejt+1lzie] = O,
!
Ct+l’j P rﬁ’j ft+l
To estimate ¢4 Vt,j

instead run Double Selection Lasso (DSL).



ESTIMATION (2/4)

Model:

_ T _
Fijt1 = Zjt,jCt+1,j ¥ Zj ¢ jCte1,—j ¥ €jt+1s Elejtlzie] =0, W

1l
Ct+lJ M FBJ ft+l.

Procedure:
To estimate Cr1 j, run T X p cross sectional DSL regressions.

To estimate Tg € RP*¥and F € R7*K, run PCAon C := I?Fg € RT*P,

Given exact row sparsity, soft-threshold FB to set most rows to zero for fﬁ.



ESTIMATION (3/4)
Model for risk premia of nontradable observable factors:

Fite1 = Z,'Ttr[s (Y +Vve+1) + €it+1,  El€j 1] =0, Elvir1€j441] = 0,
ger1 =1 Ver1 * €?+1, E[€?+1] =0, E[Vt+1€?+1] = 0.
Identification:

Cannot jointly estimaten and v (g and f1) without further restrictions.

E.g., three classic approaches of Bai and Ng (2013).

So parameters are identified up to rotation matrix H € RKxk That s,

n=Hmgandy = Hyo (Tg =TPH L and fey = HFY,,).

Utilize rotation invariant result of Giglio and Xiu (2021):

Yg=ng H' THyo=n"y



ESTIMATION (4/4)

Model for risk premia of nontradable observable factors:

_.T _ _
fite1 = Zi gy +Vern) + €1, El€j 4411 = 0, Elvesa€aa] =0,

(2)
gt+1 = 11TVt+1 + €?+1: E[€?+1] =0, E[Vt+1€?+1] =0.
Procedure: yg = a'y

Estimate factor innovations V¢+1 and loadings fﬁ as before but with

demeaned returns.

Estimate latent factor risk premia y via CS OLS of average returns 7 € R" on

estimated latent factor loadings@ =771 thtfﬁ e RV,

Estimate latent to observable factor mapping 1j via TS OLS of demeaned g¢+1

on estimated latent factor innovations V..
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KEY ASSUMPTIONS (1/2)

Assumption (Consistency of DSL)

Sparse Loading: Loading matrix T'g admits an exactly sparse
form. That s, for ds € N4,i.e.p>s > 1, I's has at most s nonzero
rows: °F) 1{}|rﬁz,||1 > o} BRK iionci 5L Assumpions




KEY ASSUMPTIONS (2/2)

Assumption (Consistency of Latent Factor Model)

Nonzero and distinct eigenvalues: from the infeasible
eigendecomposition of (T p)™1CCT, the k largest eigenvalues A;

fori € {1,...,k} are bounded away from zero and distinct,

min [Ac = A;| > 0.
i:i7/|<| <=

Additional Latent Factor Model Consistency Assumptions



ASYMPTOTIC RESULTS (1/3)

Proposition (Consistency of Latent Factors)
Under the DSLFM model (1) and aforementioned Assumptions 1 and 2,

with additional Appendix Assumptions 1-6, where T,N, p — oo, then
for all t the latent factor estimator has the property that

~ slog(T p)
ft+1-HTf?+1=OP< %)




PROOF OUTLINE: CONSISTENT LATENT FACTORS

Recall C = FFg,thus (Tp)ytect = (Tp)‘lFFgFBFT.

~ log(T
Key rate: maxt |Ct+1J - Ct+1,j| =0p < %/(VP)> :

Gives control over the distance between feasible and infeasible matrix:

H(Tp)—l’CTET B (Tp)—lCCTH -0, (logNTP> ‘

Davis Kahan Theorem bounds distance between eigenvectors by distance

between matrices.

Finally, use Wely inequality to bound distance between eigenvalues.



ASYMPTOTIC RESULTS (2/3)

Proposition (Consistency of Latent Factor Loadings)
Under the DSLFM model (1) and aforementioned Assumptions 1 and 2,

with additional Appendix Assumptions 1-6, where T, N, p — oo, then

the latent loading estimator has the property that

y 0.1 slog(T p)
Mg - ToH -op< — |




PROOF OUTLINE: CONSISTENT LOADINGS

Aforementioned results yield:

Hfﬁ _ rg(HT)_IHOO -0, ( log/(VTP)> ‘

Utilizing Theorem 2.10 from Belloni et al. (2018) under exact sparsity of '3, s.t.

A > (1 - «) - quantile of HFB - Fg (HT)‘IH ,

oo

then given « — 0and A < /log(T p)/N, we have forallg > 1

o807, e/




ASYMPTOTIC RESULTS (3/3)

Theorem (Normality of Observable Factor Risk Premium)
Under the models (1) and (2); Assumptions 1 and 2; Appendix

Assumptions 1-10, and, if Ts? log(T p)/N — 0,thenas T,N, p — oc the
estimatoryq obeys

\/T—wg “Yg) d, N(0, 1).
Og




PROOF OUTLINE: NORMALITY

VT (Vg -vg) =ﬁ(ﬁT?—nTv)
=VTy  @-n)+VTn F-v)+0p(1).
—_————

—4N(0,02)

V' (¥ -v) = ﬁw-vwﬁw—fwe)




MONTE CARLO EVIDENCE (1/2)

Goal: study the finite-sample estimation error of our latent loading and factor
estimators and the coverage properties of our risk premium estimator compared

to relevant benchmarks.
DGP: for S =200, T = 100, N = 500,k = 3, p € {10,50},s = p/10
Latent loadings: fit IPCA to empirical panel; set p - s rows to zero.

Latent factors: fit IPCA to empirical panel; fit VAR(1) to fitted latent factors;

simulate from fitted VAR(1) with normal innovations.

Characteristics: fit panel VAR(1) to demeaned empirical panel of{Zt}tT:1 and

simulate from VAR(1) with normal innovations. Set means to bs.

Returns and observable factor are generated according to the model where

errors are calibrated to empirical R2.



MONTE CARLO EVIDENCE (2/2)

Low-Dimensional: p = 10 EIMEEIETESED

Factor of ~ 3 superior estimation error for I'g.

Order of magnitude inferior estimation error for f¢1.

DSLFM under-covers (6-9%) while Giglio over-covers (2-4%) vg.
High-Dimensional: p = 50 EIEEEETIETD

Factor of >3 superior estimation error for I'.

Inferior (x4) estimation error for fy1.

DSLFM degrades 1% while Giglio degrades > 3% .
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APPENDIX: IPCA

The modelis

—
I’,,t = Zl,t_1r6 ft + ei,t.

The objective function is to minimize the sum of the squared errors:

T

min > (re - Ze1Ts fr) T (re = ZeaTs fe) -
Fs: fe 'y



APPENDIX: IPCA

The first-order conditions are
p & ol £ 71 T
fr = (rézt—lzt—lr6> rézt—lrt:

vec (ff) = <Tiztlztl®ftft> (Tl[zH@ft} )

t=1 t=1

Factor realizations are period-by-period cross section regression coefficients

of ry on the latent loading matrix d¢_;.

I's is the coefficient of returns regressed on the factors interacted with

firm-specific characteristics.



APPENDIX: IPCA

Similarities:
(Second-stage) factor model relationship and joint fitting.
Cross-sectional and time-series two step procedures a la Fama MacBeth.

Efficiency gains from using asset covariates.

Accommodate unbalanced panels.

Pro Double Lasso: Pro IPCA:
Sparse estimation Conceptually simpler
Convex objective functions optimization
Model high dimensional p Fewer assumptions for
asymptotic theory

Closed-form inference for target

uEsHion Rapid estimation

Back to Lit Review X Back to Est



APPENDIX: FAMA-MACBETH REGRESSIONS

The classic observable factor model estimation is the Fama and MacBeth (1973) procedure.
We first run N TS regressions for each asset followed by T CS regressions for each time period.

That is, we first estimate B,- for each asset i by running TS OLS of{r;,tﬂ}[:l on {ft+l}rT=1~

N

Next, we run Vt the CS OLS of asset excess returns {r1}i; on estimated factor loadings { G;}ﬁl.

We recover estimates 5\f for the risk premium A¢ = E¢[ f¢+1] as well as
the pricing errors from the cross-sectional residuals, &; +1.

Finally, we estimate the parameters of interest: the static risk premium A and the static average

pricing error &; as the time-series averages of the relevant estimator, At and &; 1, respectively.



APPENDIX: DSL ESTIMATION PROCEDURE

— T —
lit+l = ZjtjCes1j ¥ Zip jCes1—j *+ €jev1,  El€141]216] =0,
z —
Zitj =4 t—jétj + e/ ) E[ei,t,j|zi,t,-f] =0,
Ct+l’j = FBJ ft+l.

For?t+1J, run T x p Double Selection Lasso CS regressions Vt,j.
Lasso {fi,t+1},~l\i1 — {z,-,t}f.\il for71 =nonzero elements of ¢;.
Lasso {z;¢ ¥, — {z;¢ 1L, for I, = nonzero elemnts ofgu.
DefineT:le U72 U73 where73 is manually chosen.

oLS {r,-’t}f.\il on elements of{z,-’t_l}ﬁl in'.



APPENDIX: ASSUMPTIONS
Assumption (DSL Uniform Consistency)

Bounded Characteristic Portfolios: For a finite absolute constant M and Vt, j,

<M.

|ces1j| = ‘r[—sr,jftﬂ
Sparsity rate: The sparsity index obeys s log? (p V N) / ( N log(Tp)) < on,7-
Additionally, log® p/N < oN,T.

Weak dependence between the first- and second-stage errors: There exists a

positive constant M such thatV p, T, N :

1 N
z
\/ N Z €it,jCit+l
i=1

Additional standard DSL assumptions in Appendix C.2 of the paper.

< Mlog(T p).




APPENDIX: ASSUMPTIONS

Assumption (Consistency of Latent Factor Model)

4
Factors: E H ol <M<ooand 13, 2, f?+T1 —p Zffor

some k x k positive definite matrix X ¢.

Factor Loadings: Vj,

gl <M< ocoand||rfg/p-£r| =0

for some k x k positive definite matrix Zy.



APPENDIX: ASSUMPTIONS

Assumption (Inference)

Ja generic absolute constant M < oo such that for all p, T,N :
Bounded idiosyncratic errors: E[(> ; €i,t+1)2] < TM.
Bounded scaled factor innovations: E[(3", z,.,Tth v2,1)?] < sTM.
Bounded measurement errors: E[(e?ﬂ)z] < M.



APPENDIX: ASSUMPTIONS

Assumption (Inference)

Convergence of characteristics:
% > i 2t Elzj¢j1zi pr p — p Zy j o uniformly over t,j,j for
j,J €1{1,2,..., p}and a nonstochastic finite constant Zt,jJ/ €R.

CLT: As T — oo,

\/_ Z (Vt+1€t+l> i> N(0, @)

ﬂtvt+l

kak

for random matrix T € and nonstochastic matrix

O e RZkXZk.



Parameter

Metric

MSE
Bias?
Var
MSE
Bias?
Var
MSE
Bias?
Var
MSE
Bias?
Var
MSE
Bias?
Var
Covo0
Covds

(1)
IPCA
0.112526
0.020931
0.091596
0.046446
0.000538
0.041890
1.736775
0.051617
1551492
0.007724
0.000066
0.012636

2

Three-Pass Est.

1.023278
0.006095
1.006150
0.348060
0.027838
0.008405

Back to Simulation Result Summary.

3
DSLFM
0.040480
0.029007
0.011473
1.008919
0.007407
0.992703
0.336661
0.027619
0.000433
0.034307
0.000184
0.033998
0.000125
0.000019
0.000015
0.835000
0.855000




Parameter

Metric
MSE
Bias?

Var
MSE
Bias?

Var
MSE

Bias?
Var
MSE
Bias?
Var
MSE

Var

(1)
IPCA
0.024564
0.008984
0.015580
0.2234486
0.009573
0.228714
4171191
0.606915
4.084398
0.013972
0.000751
0.013849

@

Three-Pass Est.

1.034021
0.033910
0.989699
0.430072
0.161588
0.013159

0.015229
0.015084
0.000058
1.000000
1.000000

Back to Simulation Result Summary.

(3
DSLFM
0.009921
0.008385
0.001536
1.011574
0.033418
0.967504
0.396931
0.155526
0.000983
0.007161
0.000212
0.007001
0.014656
0.014495
0.000069
0.828571
0.842857




